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Guidance of Loop Ordering for Reduced Memory Usage in Signal Processing Applications
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Abstract

Data dominated signal processing applications are typically described using large and multi-dimensional arrays
and loop nests. The order of production and consumption of array elements in these loop nests has huge impact on
the amount of memory required during execution. This is essential since the size and complexity of the memory
hierarchy is the dominating factor for power, performance and chip size in these applications. This paper presents
a number of guiding principles for the ordering of the dimensions in the loop nests. They enable the designer, or
design toals, to find the optimal ordering of loop nest dimensions for individual data dependencies in the code. We
prove the validity of the guiding principles when no prior restrictions are given regarding fixation of dimensions.
If some dimensions are already fixed at given nest levels, this is taken into account when fixing the remaining
dimensions. In most cases an optimal ordering is found for this situation as well. The guiding principles can be used
in the early design phases in order to enable minimization of the memory reguirement through in-place mapping.
We use real life examples to show how they can be applied to reach a cost optimized end product. The results show
orders of magnitude improvement in memory requirement compared to using the declared array sizes, and similar

penalties for choosing the suboptimal ordering of loops when in-place mapping is exploited.

I. INTRODUCTION

Many signa processing systems, particularly in the multi-media and telecom domains, are inherently data
dominant. For this class of applications, data transfer and storage largely determine cost and performance parameters.
Thisis the case for chip size, since large memories are usually needed, performance, since accessing the memories
may very well be the main bottleneck, and power consumption, since the memories and buses consume large
guantities of energy. Due to the large memory requirement, both on-chip and off-chip memories are usually needed.
The accessing of the off-chip memoriesin particular should be minimized. Even for systems with caches, the overall

storage requirement has vital impact on the performance and power consumption, since it greatly influences the
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number of slow and power expensive cache misses. During the system development process, the designer must
hence concentrate first on exploring the memory subsystem to achieve a cost optimized end product [1], [2].

For our target classes of data dominant applications the high level description is typically characterized by large
multi-dimensional loop nests and arrays with mostly manifest index expressions and loop bounds. An expression
is manifest if it does not have data dependent index variables. It is only dependent on loop iterators and constants.
Fig. 1 shows a simple example. Three statements, S1, S2 and s3, produce elements of three arrays, A, B, and
C. Elements from array A are consumed when elements of array B and C are produced. This gives rise to flow
dependencies, also called true data dependencies, between statements S1 and S2 and between S1 and s3 [3], [4].
In this example the array index functions are very simple, but the techniques presented in this paper work for any
affine and manifest index functions. For code that is non-affine, this is achievable in most cases by a proper array
data flow analysis preprocessing [5], [6]. For non-manifest code, preprocessing and use of scenarios can be used to
remove data dependent constructs [7]. Alternatively, worst case values can be used. The preprocessing is also able
to distinguish between different types of data dependencies, so that we can focus solely on the flow dependencies
that are determining the size of the memory required for the application.
for (x=0; x<=5; X++)

for (y=0; y<=5; y++)
for (z=0; z<=2; z++) {
S1: Alx][yllz] = £f1( ... );

S2: 1if (x>=1 && y>=2) BIx] [yl [z] f2( A[x-1] [y-2]11[z] );

S3: 1if (x>=1 && y>=1) CIx] [yl [z]

}

£3( Alx-1][y] [z-1]1 );

Fig. 1. Code example for concept definitions.

Loop transformations are important system level design techniques used to enhance the locality and regularity
of data accesses in the application code bringing their production and consumption closer together. This reduces
the lifetime of data elements, thereby increasing the possibility of reuse of memory locations. Data with non-
overlapping lifetimes can be mapped to the same physical memory locations. This transformation is called in-place
mapping [8] and includes both intra-signal reuse of memory locations within one array, and inter-signal in-place
between multiple arrays. The overall runtime storage requirement of the application is reduced accordingly. Loop
interchange is a transformation with very large impact on the lifetimes of data el ements within the loop. With the
worst case ordering of the loop nest of Fig. 1, that is y outermost, = second outermost, and z innermost (y, x, z),
the storage requirement for the dependency between s1 and S2 is 33 memory locations. For the best case ordering,
(z,z,y), the number of memory locations required is 6. For this simple example, the absolute numbers are small.
The ratio between them is large, however, and this relationship will hold also for large real life examples.

It isfar from trivial to find the optimal loop ordering, in particular when we have thousands of data dependencies
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with possibly conflicting ordering. This is often the case in our target application domain. The optimal ordering
for the dependency between s1 and S3 in Fig. 1 is for example not (z, z, y). The best case ordering here is the
worst case ordering for the other dependency. The globally best solution is somewhere in between, i.e, (z, z,y).
The storage requirements for the two dependencies are summarized in Tab. |. The complexity of investigating for
example al loop interchange solutions for a single loop nest without any constraintsis N!, where N is the number
of dimensions in the loop nest. For realistic examples, N can be as large as six even if the number of dimensions
in the individual arrays is smaller. Since it is the number of loop dimensions that determines the complexity, a
full exploration is very time consuming for applications with many data dependencies. In this paper we present
an aternative approach using a set of guiding principles for the ordering of loops in a loop nest. We prove their
optimality for practical cases, and show how they can be used by the designer both as stand-alone techniques and
as integrated parts of a memory size estimation tool. As loop interchange must typically be combined with other
transformations (e.g., loop fusion, loop shifting and loop reverse), use of the guiding principles as part of estimation
is very relevant. Exploration speed is then even more crucia to give the designer fast feedback during the early
system level design stages. By using our technique, the very time consuming full exploration can be avoided. At
this point of the design trajectory, it is also common that parts of the execution ordering are fixed, but not all.
One or more loops may for instance be fixed outermost or innermost, while the ordering of the other loops can be
freely interchanged. In these cases, our technique finds the optimal ordering of the still unfixed part. For the special
situation that a given loop is fixed internaly in the nest, some rare cases may occur where the guiding principles
do not guarantee to find the optimal solution. We present a simple test that detects these cases. To summarize,
we do not claim to find the optimal solution to the problem in its most general form. This would be intractable.
Instead we prove that our guiding principles are optimal for some very important classes of the problem, which
occur most of the time in practical contexts.

The loop transformations we are guiding improve temporal locality, bringing data production and consumption
closer in time. The tempora nature makes the optimization platform independent, which is very important at the

early design phases.

ordering | S1-s2 | S1-S3
a | (z,v,2) 18 13
b) | (y,z,2) 33 3
o) | (z,2,y) 14 18
d | (y,2,7) 31 6
e | (z,z,y) 6 36
f) | (z,y,2) 11 31
TABLE |

DEPENDENCY SIZE IN FIG. 1 WITH ALTERNATIVE EXECUTION ORDERINGS

The rest of this paper is organized as follows. We start with an introduction to previous work in this field and
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to the geometrical model we use for our technique. This is followed by the section with the main contribution
of this paper, the presentation and proof of our guiding principles for loop ordering. We then show how these
guiding principles are used in our memory size estimation technique. Towards the end, representative application
demonstrators are used to illustrate the feasibility and usefulness of the methodology. Finally, we present our

conclusions.

Il. PREVIOUS WORK

L oop transformations have been extensively used to optimize application code to given architectures. In particular,
the vector machine, systolic array, and parallel compiler communities have used this for a long time, e.g., [4], [9],
[10], [11], [12]. Their main god is, however, to reveal and exploit code and data parallelism, so that multiple
instantiations of (parts of) a loop nest can be executed simultaneously. Our goal is to minimize the memory space
required to store data during execution by improving data locality and regularity. In [13], data locality is optimized
with loop transformations. A cost model for spatial and temporal reuse of cache lines is used to find a desirable
loop organization in a way with similarities to ours. The goal is again different from ours, but gives evidence of
the generality of the approach.

The loop transformations can successfully be used as enablers for memory size optimization through in-place
mapping. In [14], [15], the authors describe transformation techniques with this objective. Our memory size estimates
can be used to steer their transformations. [16], [17], [18], [19] are examples of work concerned with actua final
in-place mapping. See [19] for a good overview of the work in this field. They require a fully fixed execution
ordering, while our work focuses on finding the optimal fixation to enable in-place mapping. Much research has
also gone into estimation and optimization of size, performance and power consumption of embedded memory
hierarchies in cache and scratch pad based systems, e.g., [20], [21], [22], [23]. Further details here are outside the
scope of this paper.

Since use of our guiding principles is so important in our memory size estimation technique, and because we
describe this technique in later sections, we will now also present other work in this field. The main part of all
previous work on storage requirement estimation has been scalar-based [24], [25], [26], [27], [28]. The number
of scalars, also called signals or variables, is then limited, and if arrays are treated, they are flattened and each
array element is considered a separate scalar. Common to all scalar based techniques is that they break down when
used for large multi-dimensional arrays. The problem is NP-hard and the solution complexity grows exponentially
with the number of scalars. When the multi-dimensional arrays present in the applications of our target domain are
flattened, they result in many thousands or even millions of scalars.

To overcome the shortcomings of the scalar-based techniques, several research teams have tried to split the arrays
into suitable units before or as a part of the estimation. Typically, each instance of array element accessing in the
code (e.g., a statement reading or writing data) is treated separately. Due to the loop structure of the code, large

parts of an array can be produced or consumed by the same code instance. This reduces the number of elements the
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estimator must handle compared to the scalar approach. [29], [30], [31], [32] present different approaches for size
estimation given a fully fixed execution ordering. In contrast to this, the storage requirement estimation technique
presented in [33] does not take execution ordering into account at all. It traverses a dependency graph based on an
extended data dependency analysis resulting in a potentially very large number of non-overlapping array sections
(so called basic sets) and the dependencies between them. The maximal combined size of simultaneoudly alive
basic sets found through a greedy graph traversal gives the storage requirement. [34] brings the work in [33] back
to the fully fixed domain. Using advanced algebraic techniques they find the exact size of each of the basic sets. To
avoid overly complex address generation, the final implementation will most likely not be able to use the splitting
of arrays into basic sets. Their results are then not realistic but can instead be seen as very useful lower bounds.

All the techniques above estimate the memory size assuming a single memory. [35] performs hierarchical memory
size estimation, taking data reuse and memory hierarchy allocation into account. In-place mapping is not incorporated
in the current version, but is indicated as part of future work.

In summary, all of the previous work on storage requirement estimation requires a fully fixed execution ordering
to be determined prior to the estimation. The only exception is [33], which allows any ordering not prohibited
by data dependencies. None of the approaches permit the designer to specify partial ordering constraints. The
dominance of work on fully fixed orderings is not surprising, since this is easier to solve and because in present
industrial design, the design entry usually includes a full fixation of the execution ordering. When the abstraction
level of the design entry is raised, as motivated in numerous papers [36], it is necessary to start from a non-fully
fixed ordering. We have previously presented an estimation technique which alows any degree of fixed ordering
(unfixed, partialy fixed, or fully fixed) [37], [38]. This makes it useful during the early system design stages as
motivated in the previous section. Our previous work refers to the guiding principles but does not prove their
optimality as we do here. We now also extend the discussion of the guiding principles to include partialy fixed

ordering with dimensions fixed internally, not only outermost or innermost.

I1l. THE GEOMETRICAL MODEL

For the target class of data intensive applications, data, operations, dependencies, and the order in which they are
handled, are very important. It is therefore vital to be able to model this accurately. It has been shown (e.g., by [39])
that a geometrical modeling of groups of data and groups of operations is a good solution. Several geometrical
modeling approaches exist (e.g., Pressburger formulas, polyhedra, LBLS). In this work we use a somewhat simpler
approach which is more appropriate for our purpose. This section gives a brief introduction to this geometrical
model with an emphasis on giving an intuitive understanding of the main concepts. More details can be found
in [37]. In our discussion we use the terms loop dimensions and loop iterators. A dimension should be understood
as a geometrical concept, while an iterator is related to the actual variable over which the dimension iterates.

Let us return to the example code of Fig. 1 and look at the dependency between statements S1 and S2 (ignoring

the other dependency for the time being). The loops around the statements define an iteration space, [3], as shown
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in Fig. 2. Each node within this space represents one execution of the statements inside the loop nest and can
be identified by its loop iterator vector i = [iy,i2,...i] , Where i is the value of the kth iterator in the loop
nest, counting from outermost to innermost. For i we use the iterator sequence given in the original application
code. Note, however, that since the execution ordering is not fixed, this sequence does not necessarily reflect the
order in which the iterators will eventually be traversed. As long as no data dependencies are violated, i.e., data
is never consumed before it is produced, any ordering can be used. For a given loop nest with n dimensions,
D = (i) contains the ordered set of iterators in the loop nest. For two iterators in D we have that i; is fixed
inside i, iff pos(i;) > pos(i,,). Here pos(i) is a function that returns the position of i in D. In Fig. 1, we have
i = [z,vy, z] based on the order of the iterators in the application code. If this ordering is used during execution,
we get D = (z,y, 2). pos(x) is then 1. If iterators = and = are interchanged, we would get D = (z,y,z) and
pos(z) = 3.

For our example in Fig. 1, a each of the iteration nodes one A-array element is produced. When the if-clause
condition of statement S2 is true, one A-array element is consumed and one B-array element is produced. These
nodes also constitute the iteration domains (IDs) of the two statements, as indicated by the rectangles ID g; and
IDs5 in Fig. 2. To avoid unnecessarily complex figures, two-dimensional rectangles are used. All nodes within
a rectangle are part of the corresponding ID. We say that IDg; and IDg, are the production and consumption
IDs, respectively. In this smple example, the IDs are rectangular. This is, however, not necessarily the case. We
then adopt a so called bounding box approach. A bounding box is a rectangular approximation of the ID and it
is specified by the lower and upper bounds in each dimension. This is an efficient and appropriate approximation
since most shapes in our domain are of rectangular nature, images, blocks, etc. For other shapes, e.g., atriangle, the
bounding box can increase the number of nodes inside the ID. In order to avoid too complex address generation,
techniques with similar influence on the memory size are however also used in most real life implementations of
applications in our domain (e.g., the Memory Compaction tool from the Atomium tool set [16], [40]). The actual
memory space alocated for a triangle would for example be very close to the corresponding bounding rectangle.
Their use therefore reflects the actual memory size requirement. Using the bounding boxes we can define the ID
for a statement X as

IDxy ={i|lx <i<ux}, (D)

where the comparison is applied componentwise and the kth elements of 1 x and ux are the minimum and maximum
values in dimension k, respectively. Fig. 2 also shows the resulting IDs in our running example using our bounding
box notation. For each dimension, ordered from top to bottom according to i, the lower and upper bounds are
listed.

A Dependency Vector (DV) is the (vector) difference of an iteration node in the consumption ID, ID¢, reading
from an array element, and the iteration node in the production ID, IDp, producing the same array element. This

is also known as a dependency distance vector [12]. The DV is depicted as an arrow from the production iteration
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Fig. 2. Iteration space and iteration domains of example in Fig. 1.

node to the consumption iteration node. If a dependency between two statements has multiple DV's with different
length and direction, we combine these into (normally) one single extreme DV, having the maxima length, v, of
any DV in each dimension [38]. This is a simple approach to uniformization. The overestimates of the memory
requirements this may incur can again be accepted since similar techniques are used for rea implementations. It
is also very fast, making it suitable for estimation purposes. More advanced techniques for uniformization can
alternatively be used [41].

In general not al elements produced by one statement are read by a given depending statement. A Dependency
Part (DP) is therefore defined containing the iteration nodes at which elements are produced that are read by the
depending statement. The DP for a dependency between the corresponding IDp and ID¢ is hence given by

DP = {i|max(lg —v,1p) <i < min(uc — v,up) }. 2
The (extreme) DV, v, spans a Dependency Vector Polytope (DVP) defined by
DVP ={i|lp <i<min(lpp+v,upp+1)}, 3

where 1pp and upp are the minimum and maximum vertex for the DP respectively. Fig. 2 illustrates the DV and
DVP for the dependency between s1 and s2 in Fig. 1. When there is no overlap between IDp and ID¢ in one
or more dimension, the DVP is extended with one outside the DP in these dimensions. This is done to enable a
general use of the DVP when calculating dependency sizes as shown in Section 1V-A.

In situations were multiple DV s for a given dependency are in opposite directions (e.g., one goes from 0 to N and
the other from N to O in dimension z), the DVP can be generated from multiple extreme DVs. The resulting DVP is
spanned by all the extreme DV's. Examples of this can be found in the cavity detection application in Section VI-A.
The non-zero dimensions of the DVP are defined as Spanning Dimensions (SD). Since the set of SD normally only
comprises a subset of the iterator space dimensions, the remaining dimensions are denoted Nonspanning Dimensions
(ND). For the DVP in Fig. 2, x and y are SDs while zis ND. A list of these and other important abbreviations can
be found at the end of the paper.

As mentioned in Section I, the ahility to exploit in-place mapping is essential to minimize the storage requirement

of an application. A data element is alive from its production and until it is consumed. The memory location at



KJELDSBERG ET AL.: GUIDANCE OF LOOP ORDERING FOR REDUCED MEMORY USAGE 8

which it was saved is then reused by the new data element being produced (or at least freed for other use). Our
definition of dependency size is tightly linked to this.

Definition 1: The size of a dependency between two iteration domains is the (maximum) number of live data
elements in the dependency. B

Since we assume uniform dependencies and rectangular domains, the dependency size is equal to the number of
iteration nodes visited in the DP before the first depending iteration node is visited. Section IV-A describes how
this size can be calculated mathematically. For now, let us see what sizes this definition gives for the dependency
depicted in Fig. 2. The first depending iteration node is i = [1,2,0]. If we assume D = (z,y, z), we will first
traverse the z dimension, then the ¢y dimension, and finally the x dimension. We would then visit 18 iteration nodes
inside the DP before i = [1,2,0] is visited. At each of these iteration nodes an A-array element is produced that
has to be saved. When i = [1, 2, 0] is reached, memory locations can start being reused by the B-array, and the size
of the dependency between Ss1 and S2 will therefore not increase further and is hence equal to 18. Tab. | shows
the dependency size for all ordering aternatives. Note in particular that the smallest dependency size is achieved
with ordering D = (z, x, y).

IV. GUIDING PRINCIPLES

We will now present a number of guiding principles for the ordering of loops in a loop nest. The goal is to
minimize the storage requirement of a single dependency. Sections V and VI show how this is used to estimate the
overall runtime memory size for a given application. A short introduction to the main principles has been presented
by usin [37]. In the following subsections we will give proof of their optimality for the cases that appear most in
real applications. We also extend the principles to include a discussion and proof for the situation where we have
a partialy fixed ordering including internally fixed dimensions.

The size of a dependency is minimized if the execution ordering is fixed so that its NDs and SDs are placed at
the outermost and innermost nest levels respectively. The order of the NDs is of no consequence as long as they are
al fixed outermost. If one or more SDs are ordered in between the NDs, it is however better to place the shortest
NDs inside the SDs. The length of ND i, is determined by the length of the DP in this dimension |DP|. The
ordering of SDs is important even if al of them are fixed innermost. The SD with the largest Length Ratio (LR)
should be ordered innermost. The LR is defined as follows:

B |[DVPy| —1
~DPy[ -1

For the specia case when |DPy| = 1, care must be taken to avoid division by zero. An |LRj| = oo can till be

LRy,

assumed, since such dimensions should be ordered innermost.

Returning to the dependency between S1 and S2 in Fig. 1, the calculation of the LRs for the x and y dimensions
are illustrated in Fig. 3. According to the guiding principles, the y dimension should be fixed innermost giving a
dependency size of six as shown to be optimal in Tab. I.
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IDP, |=4

|DVPX|=ZI

Fig. 3. Calculation of LRs for the code example of Fig. 1.

The guiding principles can be used directly in the cases where one or a fev major dependencies determine the
total storage requirement of aloop nest. Furthermore, dimensions that are NDs for all dependencies should be fixed
outermost to optimize the in-place mapping opportunity and minimize the memory requirement. For more general
cases with multiple and possibly conflicting optimal orderings, an automated tool is needed. This was illustrated
in Sec | and will be further discussed in Section V.

Before presenting the proofs of the guiding principles, we derive formulas for cal culating the size of a dependency,

given a certain loop ordering.

A. Dependency size

The guiding principles determine the loop ordering which minimizes the size of a single dependency. Thissizeis
given by the formulas derived in this section. A geometrical model is assumed with the approximations as presented
in Section I11.

A single dependency involves only two statements, one producing and one consuming array elements. We can
shift the loops around the production and consumption statement so that the production loops start at 0. Assuming
a dependency given as a DP and DVP as defined in Section Ill, we therefore get a general code template as
shown in Fig. 4. The iteration nodes at which array elements are produced have an upper bound of P, = |DPj|
for each dimension. Similarly, the iteration nodes at which array elements are consumed have a lower bound of
Qr = |DVPy| — 1 and an upper bound of Py + Q. for each dimension. SDs have @ values larger than zero while
NDs have ) values equal to zero. For the dependency between s1 and S2 in the code example of Fig. 1, we
would have n = 3,iy = x,is =y,i3=2,PL=5,P,=4,P3=3,0Q1=1,Q2, =2, and Q3 = 0 in Fig. 4.

The flow dependency information allows us to determine, for a certain consumption iteration reading a value,
which was the production iteration that wrote that value. The actual place in the memory where this element is
stored is not relevant. Therefore, the code used for our proofs represents the flow dependency information by
mapping the production iterations one-to-one on the array indices where the value is stored. This results in the

index expressions as given in Fig. 4.
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for (il1l=0; i1<P1+Q1; il++)

for (i2=0; 12<P2+Q2; i2++)
for (in=0; in<Pn+Qn; in++) {

if (11<P1l && i2<P2 &&...&& in<Pn)

Afi1] [i2]...[in] = .. .;

if (11>=Q01 && 12>=Q2 &&...&& in>=0Qn)

.= £( A[i1-Q1] [i2-Q2] ... [in-QOn] );

Fig. 4. Code example with n dimensions.P,, = |DPy| and Qx = |DVPy| — 1.

Note that the actual application code can have a much more complex form than Fig. 4. After having transformed
the dependency information in the code to DPs and DV Ps, this simplified code structure is however sufficient for
our argumentation. Its DP and DVP are identical to the DP and DVP generated from the actual application code.

Given a certain ordering of the loops D = (i) (see Section |11), Equation 4 counts the number of iteration nodes
I visited within the DP before a specific node i = [i1, i, ...i,] Of the DP is visited. The equation sums the node

contribution of each iterator, starting outermost.

n

1= (i [] 2| (4)
keF;

j=1
where
F; = {ix, € D | pos(ir) > pos(i;)}. (5)

For agiveniterator i;, F; isthe set of iteratorsthat is fixed inside iterator 7 ; in the loop nest. Assuming a procedural
execution of Fig. 1, F, = {y, 2z}, F, = {2}, F, = ). Consequently, for each iterator i;, we multiply its iteration
value with the DP-length of all dimensionsfixed inside it. This gives the iterator’s contribution to the total number
of visited nodes within the DP. This total number is equal to the number of elements produced up to the moment
when node i = [iy, i2, ...i5] IS Visited.

Eq. 4 assumes that i lies in the production iteration domain, i.e. i < P. If thisis not the case, the outermost
dimension without overlap will force all iteration nodes of the dimensions in its F'; to be visited. The complete
number of nodes visited is hence found, and the summation should be terminated.

The required size of array A varies across iterations. Because of our use of extreme DVs when generating the
DVP, the consumption considered here is the last consumption of that value. Elements can therefore be discarded as

soon as they are consumed. The size is consequently equal to the number of additional elements produced between
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the iteration that produced the currently consumed element, i, = [i; — Q1,92 — Q2, ...in — @], and the current
iteration, i. = [i1, 12, ...i). The size grows during the first iterations of a loop, because elements are produced
without any elements being consumed. Then it stays steady for a while, and diminishes again at the end of the
loop since elements are being consumed but no new ones are produced. The maximum size is therefore certainly
reached for i. = Q and i, = 0. This corresponds to Definition 1 and the dependency size is thus given by Eq. 6.
Since i; = 0 for all i; in 1(0), the size is equal to the number of nodes visited within the DP before Q, i.e., 1(Q).

S =1I(Q)—I(0)= Z (Qj : H Pk;) (6)

J=1 keF;
If there is no overlap between IDp and ID¢ in one or more dimensions, we have the situation where the
consuming i lies outside the production iteration domain. As soon as a dimension without overlap is reached while
performing the summation in Eq. 6, the complete size of the dependency is found. We will come back to the

consequences of this below.

B. Ordering of Nonspanning Dimensions Outer most

The following proposition uses equation 6 to show that al NDs should be placed outermost.
Proposition 1: The dependency size is minimized if the SDs are placed innermost.

Proof: The dependency size is given by Eqg. 6. The number of products within each sum is determined by the
number of elements in the corresponding F;. Q); = 0 for NDs and Q; > 0 for SDs. It is consequently only SDs
that will result in sum terms. The overall sum is minimized if the F'; of the SDs have as few elements as possible.
This is achieved by placing the SDs inside all NDs. [ |

There must be overlap between the two IDs for all NDs. If there is no overlap in a dimension, it has to be an
SD since array elements produced at a given iterator value must be consumed at another value. The conclusion of

Prop. 1 will therefore hold even in this situation.

C. Ordering Among Spanning Dimensions

In the previous section, it was proven that SDs should be ordered innermost. There may however be more than
one SD, and the internal ordering among them is very important for the size of the dependency. In the following, a
derivation and proof of the guiding principle based on LR will be given using the general code of Fig. 4. As was
shown in the previous section, the NDs will not influence the dependency size if they are placed outermost. They
can therefore be ignored without loss of generality, and it is now assumed that there are n SDs in the dependency.
Eqg. 6 still gives the dependency size.

Starting with any ordering of SDs, it is possible to reach any aternative ordering by moving dimensions outwards,

starting with the dimension that will be outermost in the target ordering. The movement can be performed through
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a stepwise swapping of neighbors similar to the technique used in the bubble sort algorithm [42]. We will now use
this to prove that an ordering of dimensions according to increasing LR is optimal with respect to dependency size.

Proposition 2: The dependency size is minimized if the SDs are ordered with increasing LR from the outermost
to the innermost SD.

Proof: We first consider the effect on the relative dependency size of interchanging the positions of two
adjacent dimensions. In the formula for the dependence size (6), such an interchange only has an effect on the
terms corresponding to the two interchanged dimensions, since for all other dimensions the set of inner dimensions
is unaffected by this interchange. From the two affected terms, we may further factor out the factors corresponding
to the dimensions that are placed inside both interchanged dimensions, since this (non-negative) factor does not
influence the relative dependency size. Without loss of generality, we may therefore assume that the two interchanged
dimensions are the only dimensions. Eq. 6 is then reduced to two terms, Q outerdim * Pinnerdim + Qinnerdim,» Where
outerdim and innerdim are the outermost and innermost of the two dimensions, respectively.

The original order of these two dimensions should be kept if the dependency size before interchange is smaller

than (or equal to) the dependency size after interchange, i.e.,

Qi - Po+Q25Q1+Q2- P (7)

or

Qi _ @
Pl—l_Pg—l'

Substituting P, = |DPy| and Q, = |DVPy| — 1 yields

[DVPy| 1 _ |DVPy| 1
|DP1[ =1 = [DPy[ -1

or

LRy < LRs.

That is, the origina ordering should be kept if it has dimensions ordered according to increasing LR.

Now consider any ordering of the dimensions. The dependency size can be improved (or kept constant) by
successively interchanging adjacent dimensions where, prior to the interchange, the outer dimension has a larger
LR than the inner dimension. This*“bubble sort” [42] continuesuntil al dimensionsare sorted according to increasing
LR with a dependency size that is better than or equal to the initial size. Since the initial ordering was arbitrary,
the sorted ordering has the optimal dependency size. This completes the proof. |

If dimensions without overlap exist, they will have an LR larger than one. All dimensions with overlap will have
LR smaller or equal to one. Consequently, a dimension without overlap should be placed innermost. If there is
more than one dimension without overlap, their internal ordering is of no consequence, since al iteration nodes
of al of them will be visited as soon as one of these dimensions is encountered. The conclusion of Prop. 2 will

therefore hold even in this situation.
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D. Partially Fixed Ordering

The proofs given in the previous sections assume that the designer has full freedom to choose the ordering. This
is often not the case, and guiding principles are needed for the remaining dimensions when the execution ordering
is partially fixed.

Proposition 3: With dimensions fixed outermost, the dependency size is minimized if the remaining NDs are
ordered outermost among the remaining dimensions.

Proof: According to Eg. 6, the contribution of a dimension only depends on the dimensions that are fixed
inside it, not the ordering of these dimensions. The contribution of a dimension fixed outermost is therefore not
influenced by the ordering of the dimensionsinsideit. For the contribution of the remaining dimensions, see Prop. 1.

[ |

Proposition 4: With dimensions fixed innermost, the dependency size is minimized if the remaining NDs are
ordered outermost among the remaining dimensions.

Proof: According to Eq. 6, the contribution of a dimension does not depend on the dimensions fixed outside
it. The contribution of a dimension fixed innermost is therefore not influenced by the dimensions outside it. For
the contribution of the remaining dimensions, see Prop. 1. [ |

Having proved use of the guiding principles for NDs when dimensions are fixed outermost or innermost, we will
now do the same for SDs. In this case, the proof is the same for both.

Proposition 5: With dimensions fixed outermost and/or innermost the dependency size is minimized if the
remaining SDs are ordered with increasing LR from the remaining outermost to the remaining innermost SD.

Proof: The dimensions fixed outermost and/or innermost are among the dimensions factored out in Prop. 2.
Prop. 2 can hence be used for the ordering of the remaining SDs. |

If one or more dimensions are fixed but neither innermost nor outermost, the situation becomes more complex.
The fixation of one dimension at one given interior location influences the optimal ordering among other dimensions.
Ordering of the remaining dimensionsin accordance with their LR is not necessarily optimal. Such a situation would
for example occur if we in Fig. 4 have n=3, using dimensions x, y, and z, and P,=5, P,=14, P,=32, Q,=1, Q,=3,
Q.=1. Since P, = |DPy| and Q;, = |DVPy| — 1, the LRs of the three SDs are LR, = 0.25, LR, = 0.23, and
LR, = 0.03. Accordingly the optimal ordering is D = (z,y, x). As Tab. Il shows, thisis indeed the ordering with
the smallest dependency size (row f)). What is more interesting for the current discussion, is that when 2z is fixed
innermost (rows a and b) or outermost (rows e and f), the optimal internal ordering among dimensions = and y
is in accordance with the guiding principles, with y outside = (rows b and f). When z is fixed internaly however
(rows ¢ and d), the optimal ordering among dimensions = and y changes. Now the smallest dependency size is
obtained with dimension z outside y (row c).

In most cases, the LR can still be used for the ordering, even when some dimensions are fixed internaly.
Proposition 6 discusses the requirements that need to be fulfilled for the guiding principles to be used. To obtain a

truly optimal ordering in the rare occasions that they can not be used, it is necessary to perform a full exploration
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Ordering Dependency size, S
a | (,9,2) | Qu-Py - Po+Qy-Po+Q.=1-14-32+3-324+1=>545
b) | (y,7,2) | Qy - Po-Po+ Qo -P.+Q.=3-5-32+1-32+1=513
0| (z,2,y) | Qo P.-Py+Q. P, +Qy=1-32-1441-14 4 3 = 465
)| W2,2) | QP PotQ: Pot+Qu=3-32-5+1-5+1=486
e | (z2,y) | Qs Po-Py+Qu-Py+Qy=1-5-14+1-14+3 =87
)| (z,y,2) | Q.-Py PotQy-PotQu=1-14-54+3-54+1=86

TABLE I

STORAGE REQUIREMENT FOR CODE EXAMPLE OF FIG. 4 WITH N=3 AND DEFINED P ; AND Q&

of the ordering of the undetermined dimensions. These will normally be very few, so the complexity will not be
intractable even in these cases.

Proposition 6: With dimensions fixed internally, the guiding principles can be used to minimize the dependency
size under the following assumption regarding the resulting ordering. For each pair of dimensions s and ¢ placed

on different sides of internally fixed dimensions, we have

|DP| > |DP,| and |DVP,| < |DVP|.

Proof: From Proposition 2 we know that inside each block of dimensions without any fixed dimensions,
the dimensions should be ordered according to increasing LR. It remains to show that we cannot improve the
dependency size by interchanging two dimensions from different blocks. As in the proof of Proposition 2 we
may assume that the dimensions under consideration are the outermost and innermost dimensions. Without loss of
generality, we may further assume that s < ¢ and that the remaining dimensions are numbered from s+ 1 to ¢t — 1,
i.e, pos(iy) =k for al k, s=1, D = (i1, i2, i3, ..., i), and dimensions i, through i,_; are fixed.

When s and ¢ are interchanged, the terms in the formula for the dependency size (6) change as follows: the
factor of @); changes from 1 to the product of the P;. of all other dimensions and vice versa for )5, while for the
remaining dimensions, the factor P, is replaced by Ps. The order of these two dimensions should be kept if the

change in dependency size is non-negative, i.e., if

Qs 1= [ | +@ | I] B—1]+ D @®-p) [[ >0

s<k<t s<k<t s<j<t j<k<t
The last term is positive if P — P, > 0, i.e, |DP,| > |DP;|. This corresponds to the first part of the proposition.

It only remains to show that

Qs(l - PtG) + Qt(PsG - 1) Z 07 (8)

where

G= H Py.

s<k<t
Since LR, < LR;, we have (7)

Qt_ngQtPs_QsPt'
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With |DVP4| < |DVPy| (the second part of the proposition), we further get Q:—Qs > 0 Thenaso Q:Ps—QsP; > 0

and since G > 1 we have
(QtPs - QsPt)G Z QtPs - QsPt Z Qt - Qsa

which is equivalent to (8). This shows that if |[DP| > |DP,| and |DVP,| < |DVP,| then the dependency size is
not decreased by interchanging s and ¢, which completes the proof. |

Proposition 7: With SDs fixed internally at a position where the optimal ordering fixes NDs both on the outside
and inside, the dependency size is minimized if the NDs with the largest | DP,| are ordered outside the internally
fixed dimensions.

Proof: According to Eq. 6 the size contribution of a dimension does not depend on the dimensions fixed
outside it. The P, of the NDs outside the internally fixed dimension does hence not influence the size of the
dependency. According to Eg. 6 the size contribution of a dimension does depend on the P, of dimensions fixed
insideit. The smaller the P, of the NDs inside the internally fixed dimension, the smaller the size of the dependency

will be. [ |

E. Worst Case Ordering

In many situations, for example memory size estimation, it is interesting to also know the worst case ordering.
All propositions above can be directly used with opposite reasoning. To maximize the dependency size, it is for
instance necessary to place al NDs innermost, and to order SDs with decreasing LR from the outermost to the

innermost SD.

V. MEMORY SIZE ESTIMATION

High level memory size estimation is very important during the system level design stages. This gives the designer
feedback on the consequences of transformations performed. In particular, upper and lower bounds on the memory
size are useful since a given transformation normally does not influence al parts of an application’s execution
ordering. The estimates should therefore focus on the impact of this transformation on the upper and lower size
bounds. The span between them reflects the remaining available execution freedom.

Our estimation methodology is outlined in Fig. 5. The first step is performed by the Atomium tool [43], based
on the IDs of the statements and the index functions in the application code. The iteration domains are placed in a
common iteration space to enable a global estimation scope even for applications with loops that are not perfectly
nested. In [38], we give an example of a common iteration space generation. The third step performs size estimation
for individual dependencies while the last step finds the overall memory requirement of the application. Some more

details regarding these steps are given in the next sections.
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Collect DPs and data dependencies from the applica-

tion code
1
Position DPs in a common iteration space
|

Estimate UB and LB on the size of individual depen-

dencies based on the partially fixed execution ordering

1

Find simultaneously aive dependencies and their

maxima combined size

=

Bounds on the application’s storage requirement

Fig. 5. Overall storage requirement estimation strategy.

A. Estimation of Individual Dependencies

The size of a dependency is given by Eq. 6. This assumes a fully fixed ordering, which is typicaly not available
at the early design stages. By applying the guiding principles for best case and worst case ordering introduced in
Section 1V, it is however possible to find the orderings that will result in the lower and upper bounds. Any ordering
aready fixed will be taken into account. Fig. 6 shows the main principles of the estimation algorithm. A complete
description can be found in [37], which also includes a technique for estimation when we are only given a partial
order among some of the dimensions. The constraint may for instance be that one dimension is not fixed outermost
among (a subset of) the dimensions in the iteration space. This can for example be specified to prohibit a negative
dependency to be fixed outermost among the SDs since this will result in data consumption before production
(which is not valid).

Let us take a quick look at how this algorithm would perform estimates on the dependency between S1 and S2
in the example code from Fig. 1. Assuming a fully unfixed ordering, the SDs = and y would be ordered (z, y) for
the LB calculations, since LR, > LR,. For the UB calculation, they would be ordered (y, ). Since the example
only has one ND, its ordering is trivial. It is now checked if the requirements of Prop. 6 are fulfilled so that the
LRs can be used to find the optimal ordering. It is only for very rare cases with internally fixed dimensions that
this can fail. A somewhat more advanced estimation algorithm must then be used, which is outside the scope of
this paper. In this case there is no problem, so the actual size estimation starts with the outermost dimension. Since
this dimension is not fixed, the ND z is used for the LB calculation. It does not contribute to the dependency
size, so LBy, = 0. For the UB calculation, the SD ordered outermost in the worst case set is selected, that is y.
No dimensions are fixed outside it, so al the other dimensions are used to calculate its contribution. This gives
UBipmp = Qy - P - P, = 2-5-3 = 30. The size estimation now continues with the second outermost dimension.

For the LB calculation, x is now selected from the ordered set of SDs. Since z is already fixed outside z, it is not
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define sets of fixed and unfixed SDs and NDs needed for calculation of upper and lower bounds
order sets of unfixed SDs according to their LR
order sets of unfixed NDs according to their | DP|
check if it is OK to use guiding principles; if not return
for each dimension, currdim, starting outermost
if currdim is fixed
use currdim and dimensions not outside it to calculate its contribution to LB and UB
else
use best case dimension from ordered sets and dimensions not outside it to calculate contribution to LB
use worst case dimension from ordered sets and dimensions not outside it to calculate contribution to UB

return LB, UB, and the best case ordering found

Fig. 6. Overview of algorithm for size estimation of individual dependencies

included in the calculation of the contribution of x. Hence, we get LBy, = LBy + Qo - Py =0+ 1-4 = 4.
For the UB calculation, x is selected, giving in a similar fashion UB,,, = UBypp + Q5 - P. = 30+ 1 -3 = 33.
Finally, the size contribution of the innermost dimension is calculated. For the LB, the contribution of y without
any dimension fixed inside it gives LB = LBy, + Q, = 4+ 2 = 6. For the UB, ND z is used, which does not
contribute, giving UB = UBy,,, = 33. In addition to returning these two bounds, the algorithm also returns the
best case ordering D = (z, z,y).

In case one dimension is already fixed, for example x outermost, both sets of ordered unfixed dimensions
become trivial. Both LB and UB calculations start by calculating the contribution of x, giving LB 1, = UByp, =
Qs Py-P, =1-4-3 = 12. For the second outermost dimension we get LB ,,, = LBy, Since the noncontributing
ND z will be used. We also get UBp = UBymp + Qy - P. = 12+ 2 -3 = 18. Findly, for the innermost
dimensonwe get LB = LBy, + Qy = 12+ 2 = 14 and UB = UBy,,, = 18. In this case, the best case ordering
D = (z, z,y) is returned, taking the partial ordering into account. Note that as the ordering is gradualy fixed, the
bounds converge. With a fully fixed ordering they will be equal.

This simplified algorithm overview does not include termination if the ID p and 1D~ are not overlapping. A
check of thisis performed individually for the UB and LB contribution at each iteration of the for loop. As soon as
a dimension without overlap is used for one of them, the calculation of this bound is terminated. The calculation
of the other bound has to continue until a dimension without overlap is reached for this ordering as well.

An automated CAD tool, called STOREQ, has been developed for this part of the estimation methodology, size
estimation of individual dependencies. Details regarding the tool can be found in [38].
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B. Smultaneously Alive Dependencies

After having found the upper and lower bounds on the size of each dependency in the common iteration space,
it is necessary to determine if two or more of them are alive simultaneously. The combined size of simultaneously
alive dependencies gives the current storage requirement at any point during the execution of the application.

Definition 2: The maximal combined size of simultaneously alive dependencies over the lifetime of an applica
tion, gives the total storage requirement of the application. l

Two dependencies can potentially be alive simultaneously if their DPs overlap in one or more dimensions in the
common iteration space. Depending on whether the overlap occurs only for NDs, for a subset of the dimensions
including at least one SD, or for al dimensions, they will aternate in being alive, be alive simultaneously for certain
execution orderings, or be alive simultaneously regardless of the chosen execution ordering. A similar reasoning
can be used for groups of multiple dependencies. The estimation methodology uses a two-step procedure. First,
groups of potentially simultaneously alive dependencies are detected, followed by an inspection to reveal those
actually simultaneously alive for a given partialy fixed execution ordering. When multiple dependencies cover the
same array elements, this is taken into account during the calculation of the combined size of the dependencies
found to be alive simultaneously. Details regarding this part of the methodology are presented in [44]. It will not
be elaborated further in this paper.

Current work is integrating the two last steps in the overall estimation methodology, Fig. 5, to find the globally
best ordering.

VI. ESTIMATION ON REAL LIFE APPLICATION DEMONSTRATORS

In this section the usefulness of the guiding principles and estimation methodology is demonstrated on several
real-life applications from the multi-media and wireless domains. The STOREQ prototype CAD tool has been used

to reach the results reported.

A. Cavity Detection

The estimation methodology has been applied to a cavity detection algorithm used for detection of cavity
perimeters in medical imaging. We have previously reported results for the same application in [38].

1) Code description and external constraints: Figure 7 shows an extract from the code. A pseudo t dimension
is inserted to generate a common iteration space. As a starting point, the pseudo t dimension is defined so that
statements placed in separate loop nests in the origina code are executed sequentialy. A data flow graph for major
parts of the code is given in Fig. 8. The complete code used to produce this DFG can be found in [38]. Each node
depictsthe ID of a statement. The edges represent dependencies between the 1Ds. The dependencies are enumerated
to ease the following discussion. The vertical lines divide the IDs into groups that are executed at different iterator
values of the t dimension. The t dimension opens opportunities for global transformations such as loop merging.

The storage requirement of the transformed code with alternative placements and orderings can thus be compared
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for (t=0; t<=5; t++)
for (x=0; x<=N-1; xX++)
for (y=0; y<=M-1; y++)
for (k=0; k<=NB-1; k++) {
if (t==0 && x>=1 && x<=N-2 && y>=1 && y<=M-2 && k<=2)
S1: gauss_x compute[x] [y] [k+1] = £f1(gauss_x compute [x] [y] [k],
image_in[x+k-1] [y]);
if (t==0 && k==2 && x>=1 && x<=N-2 && y>=1 && y<=M-2)

S2: gauss_x image[x] [y] = f2(gauss_x compute [x] [y] [TOT]) ;
if (t==1 && x>=1 && x<=N-2 && y>=1 && y<=M-2 && k<=2)

S3: gauss_xy compute [x] [y] [k+1] = £3(gauss_xy compute [x] [y] [k],

gauss_x_image [x] [y+k-11) ;

Fig. 7. Extract (~ 30%) of the code for Cavity Detection example. N=480, M=640, NB=8

Fig. 8. Dataflow graph for Cavity Detection example.

to the storage requirement of the origina ordering. In this example, the focus is on parts with major impact on
the storage requirement, so boundary conditions are ignored. It is realistically assumed that the input image can be
presented at the input of the application in any order.

The STOREQ CAD tool has been used extensively during the exploration of the cavity detection algorithm. As
allowed by the tool, some of the dependencies in the code are non-uniform. Multiple extreme DV's are then used for
their description. Statement S3 has for example a non-uniform accessing of array gauss_x_image. Depending on the
k value, an array element is accessed that was produced at an iteration point with ay value smaller, equal, or larger
than the current y value. This gives rise to two extreme DVs, one in each direction along the y dimension and with
different lengths in the k dimension. Furthermore, a number of negative dependencies exist in the code. Tab. 1ll
summarizes the negative dimensions, the SDs, and the NDs for each DV of the dependencies. This information is
automatically dumped from the STOREQ tool. The dependency enumeration is in accordance with Fig. 8.

2) Array Sze Estimation and Guidance of Ordering: It will now be shown how the designer can use the guiding
principles and feedback from size estimation to rearrange the common loop nest and to determine an execution

ordering that gives an optimized storage requirement for the application. The first run of the STOREQ estimation



KJELDSBERG ET AL.: GUIDANCE OF LOOP ORDERING FOR REDUCED MEMORY USAGE 20

Dep. DV1 Dv2 DV3 Dv4
1 txyk

2 txyk

3 txy-k | tx-yk

4 txyk

5 | txyk

6 txy-k txyk

7 t-x-y-k |t-xyk | tx-yk [txyk
8 txyk

9 | txyk

10 txy-k

11 |t-x-y-k |[t-xy-k [tx-y-k |[txyk
12 txyk

13 txyk

TABLE Il1
SDs, NDs (UNDERLINED), AND NEGATIVE DIMENSIONS (INDICATED WITH - ) FOR EACH DV OF THE DEPENDENCIESIN THE CAVITY

DETECTION CODE.

tool without any ordering fixed shows that all dependencies that do not cross a vertical t-line in Figure 8, have the
k dimension placed innermost in their optimal ordering. This is due to the fact that al other dimensions are NDs
for these dependencies. They should hence be fixed outside the k dimension according to the guiding principles of
Section V.

For dependencies with t as an SD, that is all dependencies crossing at-linein Fig. 8, the upper and lower bounds
converge at the previous upper bound if tis fixed outermost. This is again in accordance with the guiding principles
which indicate a large penalty on placing SDs outermost. Due to the loop splitting caused by the t dimension, none
of these dependencies is alive simultaneoudly if t is fixed outermost. Their individual sizes hence determine the
overal storage requirement. Since the t dimension is an artificial dimension used for generation of a common
loop nest, it must aways be fixed outermost. To reduce the storage requirement, the common iteration space must
therefore be rearranged so that the dependencies do not have t as an SD (do not cross at-line). The removal of the
t dimension from the set of SDs for dependencies corresponds to a loop merging. This may cause dependencies to
be alive simultaneously, so that their combined sizes determine the global storage requirement.

We will exemplify this repositioning using statement S3. The goal is to make the t dimension an ND for
dependency 3. This corresponds to a loop merging between the first and second loop nest in the origina code.
Dependency 3 has two extreme DVs, as seen in Tab. I11. In DV1 the k dimension is negative. This DV has two

other SDs, t and y. It is hence possible to fulfill the requirement of having another SD outside a negative dimension,
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even if tis transformed into an ND. The requirement is fulfilled if y is placed outside k. For DV 2, the t dimension
is the only SD in addition to the negative y dimension. For a repositioning of S3 to be valid, it must aso result
in a non-negative y dimension in dependency 3. A form of skewing [45] can be used so that the array elements of
statement S3 are produced one iteration node further out along the y axis of the common iteration space compared
to their origina production. When using the guiding principles to find the optimal ordering for dependency 3 we
must now take into account the fixed partial ordering of y outside k. Running STOREQ reveals that the lower
bound of dependency 3 is increased from 1 to 2 (achievable with ordering D = (¢, x, y, k)) while the upper bound
is reduced from 304964 to 956 (for example achievable with ordering D = (¢, y, =, k)).

The next dependencies with t as SD are dependencies 6 and 7. As can be seen from Tab. 111, DV1 of dependency 6
has only one SD apart from t, and this dimension, k, is negative. The k dimension must hence be made non-negative
if tisto be made an ND. The situation is more complicated for dependency 7. It has four DVs, all with different
combinations of SDs, NDs and negative dimensions. For DV1, x, y, and k are all negative. It is hence not possible
to perform the loop merging and transform t into an ND without at the same time repositioning statement S5 in
such a way that either all negative SDs are removed or so that at least one of the SDs is made positive. Using the
guiding principles, we find that the size of dependency 7 is minimized if k is fixed innermost, x second innermost,
and y outermost (except for t). The y dimensions should hence be made positive and the resulting size estimate
for this dependency is 1435. As shown in the previous paragraph, the ordering enforced by this loop merging and
skewing has negative consequences for dependency 3, however. It now requires a memory size equal to its upper
bound of 956. If instead x is made positive and fixed outermost, dependency 3 requires 2 memory locations, while
dependency 7 requires 1915. Dependencies 10 and 11 have the same structure as 6 and 7. Their sizes for different
orderings and placements are hence also the same. Furthermore, because of the loop merging, al dependencies
are alive simultaneously, and it is their combined size that gives the overall size. The memory elements carried by
dependency 6 (10) are, however, a subset of those carried by dependency 7 (11) so only the size of 7 and 11 needs
to be included.

An aternative to making x or y positive for dependency 7 and 11, is to make al their SDs non-negative.
Tab. 1V summarizes the STOREQ estimation results for dependencies 3, 7, and 11. Each row shows the storage
requirement for alternative valid placements and execution orderings. The storage requirement of the origina code
without loop merging is shown for comparison in the first row. Row €) holds the globally best solution. It has a
storage requirement over two orders of magnitude lower than the original solution, and substantially lower than the
other alternatives.

If the same experiment is performed using a different image format, for instance the panoramic format of
the Advanced Photo System, the conclusion turns out to be quite different. The previously best solution is now
second to worst as shown in Fig. 9. The storage required for buffering full image lines along the y dimension for
dependency 7 and 11 are now larger than that of buffering full image lines along the x dimension for dependency

3. These somewhat surprising results demonstrate how important the storage requirement estimation tool is for the
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Dep. 3 | Dep. 7 | Dep. 11 | Combined

a) | Origina code, t outermost 304964 | 304964 | 304964 304964

t=0 and t=1 merged, y outside k | 2/956 | 304964 | 304964 304964
b) | y positive, (t,y,z, k) 956 1435 1435 3826
C) | x positive, (¢,x,y, k) 2 1915 1915 3832
d) | Noneg. dim, (¢t,y,z,k) 956 959 959 2874
e) | Noneg. dim., (¢,z,y, k) 2 1279 1279 2560

TABLE IV

ESTIMATED DEPENDENCY SIZES RESULTING FROM ALTERNATIVE TRANSFORMATIONS (N = 480, M = 640). FOR ROW B) THROUGH E),

A FULL LOOP MERGE IS PERFORMED. UB = LB WHERE ONLY ONE NUMBER IS REPORTED.

229.0 [ ] tmage size 480 x 640
almage size 480 x 1380
= 119.0
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Fig. 9. Combined storage requirement for aternative cavity detection implementations. Normalized to best solution for each image size.
Transformations as in Tab. IV.

optimization of the memory usage. It also illustrates the importance of taking the actual values of the parameters
into account instead of only considering them as symbols during the optimization exploration. This is different

from what happens in many state-of-the-art optimization techniques.

B. Updating Sngular Value Decomposition Algorithm

We will now look at the Updating Singular Value Decomposition (USVD) algorithm [46] used, for instance, in
beamforming for antenna systems. We have previously reported results for the same application in [37]. We show
how the guiding principles and the results from the memory size estimation can be used to steer interactive or tool
driven global loop reorganization, [47].

1) Code description and external constraints: Fig. 10 shows the two major arrays, R and V, and the important
loop nests and statements for their production and consumption. Two smaller arrays, phi and theta, used during the
production of the R and V arrays, are also shown. Due to data dependencies not explicitly shown in Fig. 10, the k

dimension must be placed outermost during the production of the R-array.
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for (k=0; k<=n-2; k++){

Sl: thetalk] = f1( R[...]1[...]1[2*k] );

S2: phifk] = f2( R[...]1[...]1[2*k], thetalk] ) ;
for (i=0; i<=n-1; i++)

for (j=0; j<=n-1; j++)

S3: else R[1i] [j] [2*k+1] = £3( R[1i][j][2*k], theta[k]

for (i=0;i<=n-1;i++)

for (j= 0;j<=n-1;j++) {

S4: else RI[i] [j] [2*k+2] = f4( R[i][j][2*k+1], phi [k]
S5: else VI[il [§] [k+1] = £5( VI[il [§][k], phil[k] );
b

Fig. 10. USVD algorithm, diagonalization loop nest

) i

) i

S1-S3 | S2-S5 S3-54 S4-S3 S5-S5
a | 19 1/9 1/100 1/100 1/100
b | 11 vl 100/100 | 100/100 | 100/100
c| 11 9/9 100/100 | 100/100 /10
d| 11 9/9 100/100 | 100/100 | 10/10

TABLE V

23

LB/UB FOR DEPENDENCIESIN THE USVD ALGORITHM WITH A) NO EXECUTION ORDERING FIXED, B) K FIXED OUTERMOST WITHOUT

LOOP BODY SPLIT, C) K FIXED OUTERMOST IN R-LOOP NEST AND K NOT FIXED OUTERMOST IN V-LOOP NEST (WITH LOOP BODY SPLIT),

D) FULLY FIXED ORDERING FOR BOTH LOOP BODIES.

2) Array Sze Estimation and Guidance of Ordering : Tab. V &) shows estimation results for a number of

dependencies in the code with no execution ordering fixed (n=10). The k dimension is the only SD for all the

dependencies, and according to the guiding principles, this dimension should therefore be fixed at the innermost

nest level to minimize the storage requirement. As mentioned above, this is not valid, however, since it must be

placed outermost for production of the R-array. Tab. V b) gives the estimation results for this partial ordering.

The upper and lower bounds of the three largest dependencies converge at their previous upper bound of 100. An

investigation of the global storage requirement reveals that the maxima combined size occurs while dependencies

S1-S3, S2-S5, S4-S3, and S5-S5 are alive simultaneously. This gives rise to a storage requirement of 202 memory

locations, as shown in Fig. 11.
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The large increase in the dependency sizes enforced by the fixation of the k dimension at the outermost nest level,
would encourage the designer to take a closer look at the code. It might very well be that not all dependencies need
to have k outermost. They could then benefit from a loop body split which would enable a different, more optimal,
ordering for these dependencies. The outermost fixation of the k dimension is in our example not required for the
production of the V-array, as long as the necessary phi-values are available. A comparison of the resulting storage
requirement for an aternative loop organization, where a loop body split places the V-array in a separate loop nest,
is therefore needed. Tab. V c) shows estimation results after this reorganization and with the partial ordering that
k is not to be fixed outermost in the new V-array nest. Finaly Tab. V d) shows the estimation results for a fully
fixed valid ordering with loop body split.

Due to the loop body split, dependencies S4-S3 and S5-S5 are not alive simultaneously anymore. The global
storage requirement is hence approximately halved to 110 memory locations as shown in Fig. 11. The V-array is
placed aongside the R-array, since they are not alive simultaneously. The guiding principles and data dependency
size estimation thus guides the designer through the early steps of the design trajectory towards a solution with
low storage requirements. Compared to the solution using the declared arrays directly, the required memory size
is reduced by 95%.

2950 [] Declared size

Il phi + theta
] R-array

200 — = V-array

150

100 - —

50 - =
a) b) c)

Fig. 11. Estimated storage requirement for the USVD algorithm (n=10): a) Declared size, b) without loop body split, ¢) with loop body
split.

C. Image Processing Kernels

We have experimented with a number of other drivers selected from our application domain. The results are
summarized in Tab. VI. We compare our estimates with results from the K2 tool developed at the University of
Illinois at Chicago. K2 computes exactly the minimum data memory size required by the application [34]. The
procedural execution ordering of the original application code is used. STOREQ in general gives estimates that
are bigger than the calculated values found by K2. This is not due to errors in STOREQ, but rather to different

approaches. K2 calculates the absolute minimum number of memory locations needed to store the application’s
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Application Declared Proced. exec. After loop tr.

(parameters) K2 STOREQ | DTSE STOREQ

Regularity detection (MaxGrid=8, L=64) 4,752 2,304 4,153 21 21/ 129

Durbin algorithm (N=500) 252,499 1,249 2,002 1,502 2,002

2D Gauss blur filter (N=800,M=600) 5,260,027 | 480,604 | 958,809 | 1,809 | 1,809 / 1,915,008

MPEG-4 motion estimation 265,633 2,465 3,399 2,374 2,373/ 3,396
TABLE VI

ESTIMATION RESULTS AND COMPARISON WITH OTHER APPROACHES. STOREQ RESULTS AFTER LOOP TRANSFORMATIONS ARE GIVEN

AS LOWER AND UPPER BOUNDS.

data. An implementation using this minimum number could require a very complex memory address generation
unit, however. STOREQ instead tries to estimate the storage requirement of a likely implementation.

We have aso performed merging of loops in the different applications. The rightmost column of Tab. VI lists
the estimated upper and lower bounds of the optimized storage requirement assuming a fully unfixed execution
ordering. As described for the two previous examples, the guiding principles can in each case be used by the
designer to decide how to perform the necessary transformations in an optimized way. They can also be used to
find the optimal ordering for the final solutions. For individual dependencies, the optimal ordering is also part of
the output from the STOREQ tool. In following paragraphs we will compare these early system level estimates
with likely implementations.

When estimating the size after loop transformations, we do not necessarily include the complete input and output
arrays, as K2 does. We assume either streaming input and output or a multi-dimensional memory hierarchy where
we focus on optimizing the memory closest to the data path. We then only include the input memory size required
for efficient reuse of data that are read multiple times. The loop ordering has a big influence on the on-chip memory
size requirement resulting from this data reuse exploration [48]. This is an example of an additional design step
where our guiding principles and high level size estimates are crucial for efficient trade off between data reuse and
in-place optimization.

In the two rightmost columns of Tab. VI we compare our early system level estimates with results obtained after
performing a complete design using the DTSE methodology and tools. In this case our estimated lower bounds
should be compared with the final DTSE results. The estimates are sufficiently accurate for our early exploration
purposes. The overestimate in the Durbin algorithm is caused by a bounding box around array elements produced
along atwo-dimensional diagona line in the iteration space. Thisis a situation that in some rare cases can happen in
our application domain. The bounding box of the corresponding DP equals the rectangle bounded by the diagonal
resulting in an overestimate of the size of the dependency compared to real implementations. We are currently
working on techniques to handle this effect. Instead of using a bounding box around the depending iteration nodes

of the production ID, the DP can be generated solely based on the DV. In this case the maximal DV length along
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any dimension decides the maximal storage regquirement for different execution orderings. Similar approaches can
be used for other iteration domains with diagonal like shapes. Our experiments show that these cases appear very
rarely, so it is acceptable to integrate them in the overall technique using a case by case strategy. If we perform
a manual generation of this particular DP in accordance with this new procedure, the estimation results are the
same as for DTSE. For the main contribution of this paper, the guiding principles, it isin any case irrelevant how
the DP is generated. A more computationally complex generation will slow down tools using the principles. The
reduced estimation speed is not dramatic, however, since the generation of the DP is a preprocessing step that does
not need to be repeated during estimation.

For the Durbin algorithm, the storage requirement of the original application code is identical with the solution
after transformations. Before being able to come to this conclusion, the designer still needs to explore the huge
number of different transformation alternatives. This requires the guiding principles and tool support described here.
The other applications demonstrate how the origina application code most often is far from optimal. Orders of
magnitude reduction in memory size is achieved when techniques are applied that benefit strongly from use of the
guiding principles and size estimation. We aso see how important it is to select the optimal loop ordering for the
final solution. Orders of magnitude difference between the best case and worst case solution can be seen here as
well.

Even if the version of the STOREQ tool used only focuses on individual dependencies, it fully supports the
guiding principles. Their low computational complexity can hence be seen from the speed of the tool. We have run
STOREQ on the Matlab platform on a Linux server with a Dual 2.4 GHz Xenon Processor and 3 GB RAM. The
maximal cputime reported for the examples in Tab. VI is 0.1s. [34] reports cputimes that are orders of magnitude
dower for K2. Thisis to be expected and acceptable in their case, since they perform an exact calculation. A more

detailed discussion of the computational complexity and estimation speed of STOREQ can be found in [38].

VIlI. CONCLUSIONS

We have presented a number of guiding principles for loop ordering. They can be used during the early design
stages when the execution ordering of an application is unfixed or partially fixed. For the most relevant cases, we
have given proof of their optimality for individual data dependencies in the application code. This ensures that the
ordering indicated by the guiding principles enables maximal in-place mapping between data elements that are not
alive smultaneously, thereby minimizing the storage requirement of the dependency. Using real life applications,
we have demonstrated how the designer can use the guiding principles while performing loop transformations.
We have also shown how the guiding principles are an integrated part of our memory size estimation technique.
The demonstrator results show orders of magnitude improvement in memory requirement compared to using the

declared array sizes. Similar penalties are also seen from choosing the suboptimal ordering of loops.



KJELDSBERG ET AL.: GUIDANCE OF LOOP ORDERING FOR REDUCED MEMORY USAGE 27

ABBREVIATIONS

DP  Dependency Part LR  Length Ratio
DV  Dependency Vector ND  Nonspanning Dimension
DVP Dependency Vector Polytope SD  Spanning Dimension
ID Iteration Domain UB  Upper Bound
LB  Lower Bound
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